MULTIPLIER SEQUENCES FOR GENERALIZED LAGUERRE BASES 
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ABSTRACT. In this paper we present a complete characterization of geometric and linear L'™' -multiplier se- 
quences. In addition, we give a partial characterization of the generic Z/ a ' -multiplier sequence, and pose some 
open questions regarding polynomial type LS a > -multiplier sequences. 
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1. Introduction 

Corresponding to any sequence of real numbers {7fc}£L one can define a linear operator T on R[x] by 
declaring T[x n ] = 7 n x ?1 for all n. If the linear operator T has the property that T[p] has only real zeros 
whenever p has only real zeros, then {"fk}kLo * s called a multiplier sequence. Examples of such sequences 
^ . were demonstrated in the late 1800's by Jensen and Laguerre and, in the early 1900's, all such sequences 

| were completely characterized by Poly a and Schur. 

THEOREM 1.1. (Polya-Schur HPS- 1411 ) Let {"fk}k^=o ^ e a sequence of nonnegative real numbers. The fol- 
lowing are equivalent. 

■ (1) is a multiplier sequence 

' n ( \ 

^ . (2) For each n, the polynomial T[(l + x) n ] := I J 7fcX fe has only real zeros 

q ■ (3) The series <p(z) = TT 2 ^ converges in the whole plane and either tp(z) or <p(—z) is of the form 

o : k=o k - 

ce az z m (1 + Wkz) where c S M, a > 0, mis a nonnegative integer, < cu < oo, z^ > 0, and 

Similarly, coiTesponding to any sequence of real numbers {^k}T=o one can define a linear operator Th 
on M[x] by declaring T^[i? n (x)] = j n H n (x) for all n, where H n (x) denotes the n t/l Hermite polynomial 

2 2 

H n (x) = (—l) n e x D n e~ x . If the linear operator Th has the property that Th[p] has only real zeros 
whenever p has only real zeros, then {7fc}£L is called an Hermite multiplier sequence. Examples of such 
sequences were demonstrated in the mid 1900's by Turan MT-501 . and also in 2001 by Bleecker and Csordas 
BBC-OIL In 2007, all such sequences were completely characterized by Piotrowski. 

THEOREM 1.2. (Piotrowski, Theorem 152 in MP-0710 Let {7fc}/£L be a sequence of nonnegative real num- 
bers. The following are equivalent. 

(1) {7fc}fclo iS a non-trivial Hermite multiplier sequence 

(2) {7fc}fcLo ' s an nondecreasing multiplier sequence 
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(3) The series tp(z) = "^T^ conver 8 es m the whole plane and either ip(z) or <p(—z) is of the form 

k=0 



k=l 



n 

k=l 
< OO. 



1 H ) where c € M, a > 1, m is a nonnegative integer, < uj < oo, > 0, and 

Zk, 



In this paper we investigate a related problem, where we use the generalized Laguerre polynomials in 
place of the Hermite polynomials. To any sequence of real numbers {7fc}fcLo> one can define a linear 

operator Tl on R[x] by declaring Tl ^L^{x)\ = InL^ix) for all re, where l!C\x) denotes the n th 

LagueiTe polynomial L^\x) = ( ] - — and a > — 1. If the linear operator Tl has the 

t-^ \n — k I k\ 

fc=o v 7 

property that Ti\p\ has only real zeros whenever p has only real zeros, then {7a;}£1q is called an L^- 
multiplier sequence. We opted not use the terminology "LagueiTe multiplier sequence," as this phrase has 
been used by other authors with a different meaning (See, for example, HCC-0410 . 

In a similar way, one can define Q-multiplier sequences, where Q = {q^j-^Lo is any simple polynomial 
set (i.e., deg(gfc) = k for each k). Remarkably, every Q-multiplier sequence must be a (classical) multiplier 
sequence, regardless of the choice of Q. In particular, the following result guarantees that every L^- 
multiplier sequence must also be a multiplier sequence. 

Theorem 1.3. (Piotrowski, Theorem 158 in HP-0710 Let Q = {qk}kLo b e a simple set of polynomials. If 
the sequence {7/0 iS a Q' m ultiplier sequence, then the sequence {7fc}^o JS a multiplier sequence. 

In general, we will say that an operator T preserves reality of zeros if it has the property that T[p] has only 
real zeros whenever p has only real zeros. Thus, a sequence is a multiplier sequence if its corresponding 
operator preserves reality of zeros. Very recently, Borcea and Branden gave a complete characterization of 
stability preserving operators. A special case of their result is a characterization of linear operators which 
preserve reality of zeros. 

THEOREM 1.4. (Borcea-Branden, Theorem 5 in MBB-091 ) A linear operator T : R[x] — > R[x] preserves 
reality of zeros if and only if either 

(1) T has range of dimension at most two and is of the form T[f] = a(f)P + f3(f)Q where a and (3 
are linear functional s on R[sc] and P and Q are polynomials with only real interlacing zeros. 

(2) T[exp(-xw)] = Y iz^I^l G a, or 

^-^ TV. 

(3) T[exp(xw)] = ^2^p-eA, 

n=0 

where A denotes the set of entire functions in 2 variables that are limits, uniformly on compact subsets, of 
polynomials in the set 

A = {/ € M.[x, w] I f(x, w) 7^ whenever Imx > and Im w > 0}. 

With this characterization at hand, the crux of our problem is to find necessary and sufficient conditions 
on a sequence of real numbers under which the corresponding operator Tl satisfies one of the conditions 
(l)-(3) above. This task is quite difficult for a generic sequence, and as such we have not yet arrived at a 
complete characterization of -multiplier sequences. 

Finally, we note that throughout the paper we adopt the following convention: to avoid trivialities, we 
consider the identically zero function / = to have only real zeros, although this is clearly not the case. 
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2. Trivial, Geometric, and Linear Sequences 

It is well known that the generalized Laguerre polynomials form an orthogonal set over the positive real 
axis with respect to the weight function x a e~ x (recall that in this paper we are only considering a > — 1). 
Orthogonal polynomials have only simple real zeros. Furthermore, the zeros of consecutive polynomials 
in the sequence are interlacing. As a consequence of this, it is easy to verify that any linear combination 
aL^\x) + bL^_ 1 (x) has only real zeros (one only needs to consider the sign of the individual terms and 
count zeros with the aid of the Mean Value Theorem). We thus have the following fact: 

PROPOSITION 2.1. Given j n , 7 n +i £ R, any sequence of the form (0, 0, ... , 0, 0, 7 n , 7 n +i, 0, 0, . . .) is an 
-multiplier sequence. 

We will call sequences of the above form trivial -multiplier sequences. Unless stated otherwise, in 
what follows we only consider nontrivial -multiplier sequences. 

2.1. Geometric -Multiplier Sequences. We now consider the geometric sequences {V fc }^ , r £ i 

These sequences are (classical) multiplier sequences for all nonzero r and are Hermite multiplier sequences 
if and only if |r| > 1. In contrast with these results, the only geometric sequence which is an -multiplier 
sequence is the constant sequence {1}^L . 

PROPOSITION 2.2. The sequence {r k }^L is an -multiplier sequence if and only ifr = 1. 
Proof. Consider the polynomial p(x) = (x + b) 2 for b € R. We can write p(x) as 

p{x) = 2L ( 2 a) (x) - 2(a + 2 + b)L[ a) (x) + (a + bf + 3a + 2b + 2. 
Applying the sequence {r k }^L Q and then expanding in terms of the standard basis we obtain the polynomial 

p(x) = r 2 x 2 + (2(a + 2 + b)r - (2a + 4)r 2 )x 

+ 2 + a 2 + 2b + b 2 + a(3 + 2b) - 2(2 + a + 6)(1 + a)r + r 2 (2 + 3a + a 2 ), 
with discriminant 

A = -4r 2 (r - 1)((2 + a)(l - r) + 2b). 

From this representation we immediately see that (i) if r = 1 the discriminant is equal to zero and (ii) large 
positive values (if r > 1) or large negative values (if r < 1) of 6 result in a negative discriminant. This 
establishes the claim. □ 

2.2. Linear -Multiplier Sequences. In HP-07H it is shown that for the simple Laguerre polynomials 
(a = 0) the sequence {a + k}^L is not an -multiplier sequence for a > 1 and a < but it is an 
L( ) -multiplier sequence for a = 1 and a = 0. The question whether {a + fc}^ is an L^> -multiplier 
sequence for < a < 1 is left open. In this section we answer this question and completely characterize 
lineal - -multiplier sequences. 

Lemma 2.3. {k + a}^L is not an -multiplier sequence for any a if a < 0. 

Proof. The set jL^^x) j is a simple set of polynomials. Thus, by Theorem 1 1.31 any sequence of real 

numbers {7fc}^ that is an -multiplier sequence is a (classical) multiplier sequence. Since {a + k}^L 
is not a (classical) multiplier sequence for a < the result follows. □ 

LEMMA 2.4. {k + (i}^L is not an -multiplier sequence if a > a + 1. 

Proof. We recall that the polynomials (x) satisfy the following ordinary differential equation: 

(1) nL^(x) = (x-a- 1)L^' (x) - xL^" (x). 
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It follows that 

(a + k)L { °\x) = aL[ a \x) + (x - a - 1)L^ Y (x) - xL^ Y '(x). 
Thus the action of the sequence {a + k}^L on a polynomial is represented by the operator 

(2) T:=a + (x-a-l)D-xD 2 . 

Consider now the polynomial (x + n) n , which clearly has only real zeros. We have 

T[(x + n) n ] = a(x + n) n + {x - a - l)n(x + n) n ~ l - xn{n - l){x + n) n - 2 
= (x + n) n ~ 2 [a(x + n) 2 + (x - (a + l))n(x + n) - x(n 2 - n)} 
= (x + n) n_2 [x 2 (a + n) + x(2an — not) + an 2 — n 2 (a + 1)]. 
Calculating the discriminant of the polynomial in the square brackets we get 

A(n) = n 2 [4a 2 - Aaa + a 2 - 4(a + n){a - (a + 1))] 
= n 2 [a 2 + 4a - 4n(a - (a + 1))]. 

It follows that if a > {a + 1) then A(n) < for n sufficiently large. Therefore T[(x + n) n ] will have 
non-real zeros for large enough n. This completes the proof. □ 

LEMMA 2.5. I/O < a < a + 1, then {k + a}^L is an L^ a ' -multiplier sequence. In particular, ifO < a < 1, 
{/c + a}^lo ' s aw L-multiplier sequence. 

Proof. Consider the differential operator representation of the sequence at hand. 

T= (x - a - 1)D - xD 2 + a 

By the result of Borcea and Branden (Theorem 11.41 ) this operator preserves reality of zeros provided the 
polynomial 

a + (z — a — 1)(— w) — z(—w) 2 = a — w(w + l)z + w(a + 1) 

does not vanish whenever Im z > and Im w > 0. Setting the above equation equal to zero and solving for 
z we obtain 

w(a + 1) + a w + wo ( 

(a + 1)— -, — r, [w Q 



w(w + 1) w(w + l)'' \ a + l / 

Suppose Im w > and that < a < a + 1. Then wq < 1, and we have 

< arg(w) < &rg(w + wo) < avg(w + 1) < n, 

from which we obtain 

—it < — avg(w + 1) < avg(w + wo) — arg(w) — arg(w + 1) < — arg(w) < 0. 
Thus Im z < whenever Im w > and < a < a + 1. The proof is complete. □ 

Combining lemmas [231 12.41 and 12. 5 1 we obtain the following theorem. 
THEOREM 2.6. {k + a}^L is an -multiplier sequence if and only if0<a<a + l. 

3. The sequence {k(k - l)(k - 2) • • • (k - (n - 1))}£L 

The purpose of this section is to prove that the above sequence is an l/") -multiplier sequence for a > — 1 
and n > 1. To establish this fact we need several auxiliary results. We begin with the following lemma. 

Lemma 3.1. Let 5 be the operator defined by 5 := (x — (a + 1))D — xD 2 . Then for k > we have 

[5, D k \ := 5D k - D k 5 = -k(l - D)D k . 



Proof. If k = the result is trivial. Supposing the result holds for all integers up to k we calculate 



[5, D k+1 ] = 5D k+1 - D k+1 5 = (5D k )D - D(D k 8) 

= (5D k )D — D{5D k + k(l — D)D k ) 

= 5D k+l - [5D + (1 - D)D)D k - fc(l - D)D k+1 

= -{k + l){l-D)D k+ \ 

establishing the desired equality. □ 

PROPOSITION 3.2. Let 5 be the operator defined by 5 := (x - (a + l))D - xD 2 and let (x) be the n th 
generalized Laguerre polynomial. If 

2n 

(3) 6(5 - 1)(5 - 2) • • • (6 - (n - 1)) = ^ 2 „.%, a (x)D fe 

k=n 



then 



2n 



(4) ^2n%,a0r)z fc =n\(-l) n z n L ( C\x-xz) 



k=n 



Proof. We proceed by induction on n. If n = 1 the left hand side of ((3]) is just (x — (a + 1))D — xD 2 
which, after replacing D k by z k gives (x — (a + \))z — xz 2 = — zlJ[\x — xz). Thus the statement of the 
proposition holds in case n = 1. Next we calculate 



2n 



5(5-l)(5-2)---(5-(n-l)) = £ 2ri g fc , a (x)Z) fc 

fc=n 

/2n-2 \ 

^ 2n-2%,a(*)^ (5"(n-l)) 



\ A;=n / 
2n-2 2n-2 



Yj 2n-2qk,a( X )( X ~ (« + l))£> fc+1 + 2n-2qkAx)kD k 
k=n k=n 
2n-2 2n-2 

2n-2qkA X ) kE>k+1 ~ X Y1 2n-2qk,a( X ) Dk+2 
k=n k=n 
2n-2 

in- 1) Y, 2n-2qkA x ) Dk ■ 



Going from the second to the third line in this calculation we made use of Lemma [37X1 Replacing D k by z k 
in this expression along with the inductive hypothesis gives 



2» 



k=n 



= z(x - (a + l))(n - l)!(-l) n ~ 1 z n " 1 4 Q J 1 (x - xz) 

+ (z - z 2 )D z [(n - l)!(-l) n - 1 z"- 1 L^ 1 (x - xz)" 

- xz 2 {n - l)!(-l) n - 1 z n - 1 4 a _ ) 1 (2; - xz) 

- (n - l)(n - l)!(-l)"- 1 z n - 1 4 Q J 1 (x - xz) 

= (n - l)!(-l) n " 1 z n - 1 {z(x - (a + l^L^x - xz) 



+ (1 



-(«) 



w=x — xz 



— xz 2 L^}_ x (x — xz) — (n — l)L^ 1 (x — xz) j 
= (n - l)!(-l) n ~ 1 z n ~ 1 \-z{a + njL^^a; - xz) 

+ z(x — xz)L^ 1 (x — xz) — z(x — xz)— L^ 1 (w) 



w=x— xz 



Since the generalized Laguerre polynomials satisfy the relations 



(5) 
(6) 



xDL^(x) = nL^(x)-(a + n)Li a \(x) 
DL^{x) = DL^x) - L^ix) 



(see for example Ch. 12 in MR-60IQ . it follows that 



(n - l)!(-l) n ~ 1 z n - 1 {-z(a + n)^^ - xz) 



+ z(x — xz)L^i (x — xz) — z(x — xz)—— L ( ™li (w) 

= (n - l)!(-l) n ~ 1 z n - 1 {-znL^(x - xz) 

+ z(x — xz)DL^ 1 (x — xz) — z(x — xz)L^ 1 (x — xz) 

+ z(x — xz)L^} 1 (x — xz) — z(x — xz)DL^}_ 1 (x — xz)| 

= (n - l)!(-l) n - 1 z n - 1 (-znL^(x - xz)) 

= ?i!(-l)"z ri L( l a )(x -xz). 



d r. 



(a) 



u>=:r— 



The proof of Proposition I3.2l is complete. 



□ 



THEOREM 3.3. The sequence {k(k — l)(fc — 2) • • • (fc — (n — 1))}£L z's a« -multiplier sequence for 
n 6 N, n > 1. 

Proo/ Let T be the linear operator defined by T[L[ a) (x)] = k(k - 1) ■ ■ ■ (k - n + l)Ljf } (x). Then 
T = 6(6 — 1)(6 — 2) ■ ■ ■ (5 — (n — 1)), where 6 := (x - (a + 1))D - xD 2 and D denotes differentiation 
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with respect to x. Using the definition of the generalized Laguerre polynomials, we have 

k=0 ^ ' 



= n 

k=0 v 

Thus, by Proposition [3]2j 



k=0 

and we have 



" / \ k 

T = n!(-l)"X V-l ) (-1)^^(1-^, 



T[exp(-*u;)] = n!(-l) B £ ™ + £ (-1)^^(1 - Z?) fc [exp(-x«;)] 

fc=0 ^ ' 

n / \ fc 

= n!(-l) n X;( (-l)^(-^(l + ^exp(-^) 

fc=o ^ ' 

= n!(-l) n (-u;) n 4 Q )(x + xw)exp(-xu;). 

Note that 

i \ / Tin \ m 

f m (x,w) = n](-l) n (-w) n L^(x + xw) [1 - —J (m G N) 

converges uniformly on compact subsets to T[exp(— xw)] as m — > oo. Let < xi < X2 < • • • < x n be 
the zeros of L { n ] (x) (recall that the generalized Laguerre polynomials have only real simple positive zeros). 
Then f m (x, w) = if and only if either w = 0, x(l + it?) = xy~ or = m, none of which occur when Im 
x > and Im w > 0. Therefore, by Theorem 1 1.41 T preserves reality of zeros. □ 

We conclude this section with a corollary to this theorem. Although the corollary does not have a direct 
application to the development of -multiplier sequences, it is a quick result so we include it here. 



COROLLARY 3.4. Let 5 be as in Proposition \3. 2\ and let 

2n 

S (8-l)...(5-(n- 1)) = 2n<M*)lA 

k=n 

Then 

In n 

^Z 2 nqkA^ = (- 1 ) n U( a + k )- 

k=n k=l 

Proof. By Proposition [3^21 we have 



2n 2n 

2nQk.ry(x)z k 

2=1 



k=n k=n 

On the other hand, using the generating function 



oo 

. — — — e — =y4 ft )Mf 



(i-ty 

v ; n=0 



we see that 



nI(-l) B LW(0) = (-l)»n(a + *)- 

fc=i 



□ 

4. Properties of -multiplier sequences 

4. 1 . Classical Properties. There are a number of properties of the classical multiplier sequences which are 
easily verified. Here we list those that carry over to -multiplier sequences. 

Lemma 4.1. Let {^f^}^^ be an -multiplier sequence. Then: 

(i) If there exists an integers n > m > such that "y m 7= and j n = 0, then j}~ = Ofor all k > n. 

(ii) The terms of {7fc}^L are either all of the same sign, or they alternate in sign. 

(iii) For any r € R, the sequence {rjk}'kLo a ^ so an ^ -multiplier sequence. 

(iv) The terms of {7fc}^L satisfy Turdn's inequality 

1% ~ 7fc-i7fc+i > 0, k = 1,2,3,... 

Proof. These claims follow immediately from Theorem 11.31 and the fact the generalized Laguerre polyno- 
mials form a simple set of polynomials. Properties (i) — (iv) for classical multiplier sequences have been 
established in IL-641 . □ 

Remark. To draw further contrast between -multiplier sequences, Hermite multiplier sequences, and 
classical multiplier sequences, we demonstrate that the following two properties, which hold for multiplier 
sequences and Hermite multiplier sequences, do not hold for -multiplier sequences. 

(a) If {7fc}^l is a multiplier sequence, then {7fc}J*L m is a multiplier sequence for any m € N. 

(b) If {7fc}£l is a multiplier sequence, then {(— l) fc 7/c} fc _ is a multiplier sequence. 

For property (a), we note that for the simple Laguerre polynomials (a = 0), the sequence {k + l}fcL * s an 
L^ ) -multiplier sequence, but {k + l}?^ = {k + 2}£i is not (see Theorem |2.6l ). 

For property (b), we note again that {k + 1}^ is an -multiplier sequence. We now show that 
{(— \) k (k + 1)}2L is not. The polynomial 

p(x) = (x- 10) 2 = 824 0) (x) + 16LS 0) (x) + 2lf{x) 

has only real zeros, while 

3 • 82L { q\x) - 2 • 16Lf\x) + 1 • 2L^\x) = 3x 2 + 20x + 56 

has two non-real zeros. 

PROPOSITION 4.2. Suppose that {^fn} is a non-trivial -multiplier sequence for some a > — 1. Then 
there exists anm 6Z such that 7^ = Ofor all k < m and 7^ 7= Ofor all k > m. 

Proof. Since {jn} is a non-trivial multiplier sequence, there is at least one k G Z such that 7^ 7^ 0. Let 
m be the minimal index such that j m 7^ 0. It is easy to see that 7 m +i and 7 m +2 are non-zero, for if either 
of them were zero, in light of Lemma |4~T1 we would have to conclude that {7/c}^ is a trivial multiplier 
sequence. Suppose now that there exists a n > m + 2 such that 7 n = 0. By Lemma 1431 (see below) there 
are constants a rn , a m+ 2 such that the polynomial 

q(x) = a rn rf m L^\x) + a m+2 jm+2L ( ^ > +2 (x) 
has some non-real zeros. On the other hand, by Lemma |4~3l then there exists a n such that 

q(x) = a m L$(x) + a m+2 L^ 2 (x) + a n L^{x) = a n (l^(x) + ^L^(x) + ^L^^ 

has only real zeros. Applying the -multiplier sequence {7/c}^l to q(x) we obtain the polynomial q(x), 
a contradiction. Hence 7^ 7^ for all k > m and the proof is complete. □ 
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4.2. Monotonicity of -multiplier sequences. The main result in this section is that if a classical mul- 
tiplier sequence is an -multiplier sequence, then it must be non-decreasing. We note that an analogous 
statement is true for the Hermite multiplier sequences. The converse is also true for Hermite multiplier 
sequences, but not for -multiplier sequences (recall the sequences {r k } for r > 1!). We next lay the 
necessary groundwork to establish the stated monotonicity result for -multiplier sequences. 

We begin with two simple, but very useful lemmas. The first one essentially says that if a polynomial has 
only simple real zeros and one makes a small perturbation of the coefficients, then the resulting polynomial 
also has only real zeros. 

LEMMA 4.3. Let p and q be real polynomials and suppose deg(g) < deg(p). Ifp has only simple real zeros 
then there exists e > such that p(x) + bq(x) has only real zeros whenever \b\ < e. 

Proof. Suppose no such e exists. Then we can obtain a sequence of real numbers {b n }^ = i converging to 
zero such that, for each n, the real polynomial p n {x) = p(x) + b n q{x) has some non-real zeros. The 
polynomials p n converge uniformly on compact subsets of C to p. By Hurwitz' Theorem, the zeros of p 
must be limits of the zeros of p n , contradicting the fact that the zeros of p are all real and simple. □ 

The next result is similar in nature. If we begin with a polynomial which has some non-real zeros then 
any small perturbation of the coefficients will result in another polynomial which has some non-real zeros. 

Lemma 4.4. Let p and q be real polynomials and suppose deg(q) < deg(p). Ifp has some non-real zeros 
then there exists e > such that p(x) + bq(x) has some non-real zeros whenever \b\ < e. 

Proof. We appeal to Hurwitz' Theorem once again. If no such e exists, then we can obtain a sequence of 
real numbers {^n}^^ converging to zero such that, for each n, the real polynomial p n {x) = p{x) + b n q{x) 
has only real zeros. The polynomials p n converge uniformly on compact subsets of C to p. By Hurwitz' 
Theorem, the zeros of p must be limits of the zeros of p n , but non-real numbers are never the limit of a 
sequence of real numbers, a contradiction. □ 

Lemma 4.5. For n>2 and b £ R, define 

fn,b,a(x) := L^\x) + bL^} 2 (x), and 

E n := {b G R | f n ,b,a(x) has only real zeros} . 
Then m&x(E n ) exists, and is a positive real number. 

Proof. By Lemma l4~3l there exists e > such that (— e, e) C E n . In particular, E n is nonempty and 
max{E n ), if it exists, is positive. It now suffices to show that E n is closed and bounded above. 
Suppose t £ (R \ E n ). Then, by Lemma l4~4l there exists 5 > such that 

fn,t,a(x) + W£> 2 (s) = LW(z) + (t + b)L^l 2 (x). 

has non-real zeros whenever \b\ < 5. That is to say, (b — 5, b + 5) C (R \ E n ). Whence, R \ E n is open and, 
therefore, E n is closed. 

To show that E n is bounded above, we consider the (n — 2) nd derivative of f n ,b,a- A calculation shows 

d n ~ 2 1 2 , (n + a)(n + a-l) 

-lj-^Z2 fn,b,a[ X ) = 2 X -( n + a ) x + g h 

d n ~ 2 

Thus - n _ 2 f n ,b,a(x), and therefore f n ^,a{ x ), have some non-real zeros whenever b is sufficiently large. 

X □ 

THEOREM 4.6. If the sequence of positive real numbers {7fc}fcLo ^ a non-trivial -multiplier sequence, 
then 7^ < ^k+ifof ®H k > 0. 
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Proof. Let Tl denote the operator associated to the lS a > -multiplier sequence {7fc}fclo- With the notation of 
Lemma 1431 for each n > 2 the function 

U&A*) = L n\x) + K4- 2 (^) iPn = max(i? n )) 
has only real zeros. It follows that 

\ In 

also only has real zeros. By Lemma 1431 we must have n ~ /?* < /?* which gives < n ~ < 1. On the 

In 7n 

other hand, by Lemma 1471] we have 

7n-l " 7n7n-2 > 0, (n > 2) 

/ \ 2 

/ *y^ \ /y^ 

which means — - — I > — — > 1. In other words 7 n _i > 7 n -2 and the proof is complete. □ 

V7n-2/ 7n-2 



5. Open questions 

Contrary to the linear sequences, quadratic (and higher degree) multiplier sequences for generalized La- 
guerre bases are not well understood and are far from being completely characterized. Recall from Section 
|3]that L( Q ) -multiplier sequences of arbitrary degrees exist. As a result, investigations into quadratic, cubic, 
and higher degree -multiplier sequences are not vacuous, and rather challenging. One of the reasons 
for this is that although one can naturally get higher order -multiplier sequences from lower order ones, 
one can not get them all this way. There are for example quadratic -multiplier sequences that do not 
factor as a product of the linear ones (in the differential operator sense). In this section we present some 
partial results in the characterization of sequences of the form {k 2 + ak + b}^L Q for the simple Laguerre 
polynomials (a = 0) and pose some open questions. 

Based on some partial results, we believe that the following conjecture is true: 

Conjecture 5.1. The sequence {k 2 + ak + 6}^ is an -multiplier sequence if and only if 

-1 < a < 3 and max{0, a - 1} < b < -(1 + a) 2 . 

8 

It is easy to show that if {k 2 + ak + fej^g is an -multiplier sequence then then a > — 1 and < b < 
-(o + l) 2 . It is a bit more involved to improve the upper bound on 6 to | (a + 1) 2 but it can be done by using 

the result of Borcea and Branden. The proof involves the verification of stability of a certain polynomial in 
two complex variables, and is a bit technical. We believe that for the characterization of polynomial type 
L( Q ) -multiplier sequences of arbitrary (fixed) degree, additional techniques will be needed. Using a theorem 
due to Newton, we can easily establish the bounds a < 4 and a — 1 < b and another application of Borcea 
Branden gives that if 1 < a < 3 then b = a — 1 is allowed, in other words {k 2 + ak + a — 1} is an 
L^ ) -multiplier sequence. Though these results pointed to the formulation of the above conjecture, we were 
unable to prove the result so far and the question remains open. The situation is similar for all polynomial 
sequences of degree 3 or higher. 
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